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We investigate the maximality properties of the second periodic eigenvalue of the
Hill’s operator. The potential function is normalized so that its average over a
period is zero. Apart from its own significance, this question is related to the study
of the motion-by-curvature equation.  1996 Academic Press, Inc.
1. INTRODUCTION
We start with a motivation for our problem. Consider a (hyper)surface
X in Rn+1 (in other words X is a n-dimensional Riemannian manifold
embedded in Rn+1) that varies smoothly with time t. For any point x on
X, let v be the component of its velocity (with respect to t) in the direction
of the unit normal vector | of X at x (notice that | exists globally since
it is known that every such surface is orientable). The motion-by-curvature
equation reads
v=&n|H,
where H is the mean curvature of X at x. This equation models the (local)
motion of an interface, and has received considerable attention recently
(see [1, 4], and references cited there).
The linearization of nH near a fixed surface X is given by (see [3] and
references cited there)
n
d
d=
H(X+=h|) } ==0 =
def LX h={&h"(s)&k
2(s) h(s),
&2Xh&(nj=1 k
2
j )h,
if n=1;
if n2,
where s is the arc-length, k is the curvature, 2X is the LaplaceBeltrami
operator associated to X, and kj , j=1, ..., n, are the principal curvatures
of X (notice that h is assumed to be a smooth function defined on X; in
the case n=1 we must have that h(0)=h(l ), where l is the length of the
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curve X ). It follows that the linearized motion-by-curvature equation near
X is the heat equation
h
t
=&LXh&nH(X ).
It has been conjectured by Alikakos and Fusco that, for a compact sur-
face X, the second eigenvalue of LX is nonpositive, and becomes zero if and
only if X is a sphere (notice that the first eigenvalue of LX is always strictly
negative). The meaning of the conjecture is that the sphere is the ‘‘most
stable’’ surface under motion-by-curvature.
For n=2 the conjectured was proved by Harrell in [3], for the case
where the surface has genus 0. In the case n=1, Alikakos proved the con-
jecture for curves with antipodal symmetry. He has, also, shown that it is
enough to consider convex curves, i.e., curves with nonnegative curvature.
The present work is concerned with the case n=1. In this case X
becomes a plane curve, and without loss of generality we can assume that
its length is 2?. Since we do not allow self-crossings, we must have
|
2?
0
k(s) ds=2?.
If we set
k(s)=1&
q(s)
2
,
then the previous condition is equivalent to
|
2?
0
q(s) ds=0, (1)
and furthermore, the one-dimensional part of the AlikakosFusco conjec-
ture can be expressed as follows.
Conjecture 1 (AlikakosFusco). Assume that q satisfies (1). Then the
second periodic eigenvalue of the operator L defined by
Lh=&h"(s)&[1&q(s)2]2 h(s), 0<s<2?,
is nonpositive and becomes 0 if and only if q(s)#0.
Conjecture 1 is true (at least) when the following stronger conjecture
holds:
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Conjecture 2. Consider the (periodic) eigenvalue problem
&u"+qu=*u, u(0)=u(2?), u$(0)=u$(2?), (2)
where q is in L1(0, 2?) and satisfies (1). Let
*0<*1*2<*3*4< } } }
be the eigenvalues of (2). Then *11 and equality holds if and only if
q(x)= 0 for almost every x.
This conjecture is somehow in contrast with the behavior of the large
periodic eigenvalues, for which it is well-known that (at least for smooth
qsee [5]) *2n&1>n2, if n is sufficiently large.
Notice that, by standard density arguments, it is enough to verify Con-
jecture 2 for q in L2(0, 2?) (in fact, we can assume q to be as smooth as
we wish). Then, q can be written as a Fourier series, namely (for almost
every x),
q(x)= :

n=1
(an cos nx+bn sin nx).
Furthermore, since the periodic spectrum does not change when we
‘‘shift’’ q, namely, when one replaces q(x) by q!(x)=q(x+!), we can
always assume, without loss of generality, that one of the coefficients in the
above Fourier series is 0.
Unfortunately, in general, Conjecture 2 is false, as one can see by taking
q(x)=2 cos x&cos 2x.
For this q, numerical computations show that *1>1, whereas the
AlikakosFusco conjecture is not violated. It turns out though that there
are many cases for which Conjecture 2 (and, therefore, Conjecture 1) is
true, and this is the main topic of this work. More precisely, we show that
Conjecture 2 is true in the following situations:
(i) if (a) a20, or (b) a1=0, where
q(x)=a1 cos x+ :

n=2
(an cos nx+bn sin nx);
(ii) if q(x)==Q(x), where Q is a fixed function and |=| is sufficiently
small;
(iii) if q(x)=MQ(x), where Q is a fixed function and M is suf-
ficiently large.
The paper ends with various general remarks.
323SPE AND ALIKAKOSFUSCO CONJECTURE
File: 505J 315704 . By:BV . Date:12:09:96 . Time:10:53 LOP8M. V8.0. Page 01:01
Codes: 2234 Signs: 1142 . Length: 45 pic 0 pts, 190 mm
2. SOME THEOREMS CONCERNING THE SECOND
PERIODIC EIGENVALUE
As in the previous section, we consider the eigenvalue problem
&u"+qu=*u, u(0)=u(2?), u$(0)=u$(2?), (3)
where q is in L2(0, 2?) and has the Fourier expansion
q(x)= :

n=1
(an cos nx+bn sin nx) (4)
(notice that the average of q on (0, 2?) is zero). We also introduce the
eigenvalues of (3)
*0<*1*2<*3*4< } } } ,
and the corresponding eigenfunctions ,0 , ,1 , ,2 , ... . The Rayleigh quotient
associated to (3) is
R[ f ]=
2?0 ( f $)
2+2?0 qf
2
2?0 f
2 , (5)
where f is a function satisfying the periodic boundary conditions in (3). In
the case q(x)#0 (the so-called ‘‘unperturbed’’ case), we denote the
associated Rayleigh quotient by R [ f ]. We thus have
R [ f ]=
2?0 ( f $)
2
2?0 f
2 . (6)
Since R [1]=R[1], we get immediately that the first eigenvalue *0 satisfies
*00, (7)
and, furthermore, *0=0 if and only if q(x)#0. But our main interest here
is *1 . In the unperturbed case we have, of course, that *1=1. In general
*1= inf
g = , 0
R[ g]R[ f ], f = ,0 , (8)
where g and f satisfy the periodic boundary conditions. To get an upper
bound for *1 , we consider trial functions f of the form
f (x)=c0+c1 cos x+c2 sin x, |c0 |+|c1 |+|c2 |>0.
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A straightforward calculation yields that the inequality
R[ f ]1 (9)
is equivalent to
&4c20+a2(c
2
1&c
2
2)+2b2c1 c2+4a1c0c1+4b1c0c20. (10)
To use the above f in (8) we need to satisfy the orthogonality condition
|
2?
0
,0 f=0. (11)
For typographical convenience we normalize ,0 so that
|
2?
0
,0=1
(this is always possible since the first periodic eigenfunction has no zeros).
Then (11) is true if
c0=:c1+;c2 ,
where
:=&|
2?
0
,0(x) cos x dx, ;=&|
2?
0
,0(x) sin x dx.
Substituting c0 in (10) and assuming (without loss of generality) that,
b1=0 in (4), we obtain
&4(:c1+;c2)2+a2(c21&c
2
2)+2b2c1c2+4a1c1(:c1+;c2)0. (12)
If we can find constants c1 and c2 (not both zero) such that (12) is true,
then (9) will also be true (and f = ,0). Thus, (8) will give *11.
Case 1. If a20 in (4), then (12) is satisfied by taking c1=0.
Case 2. If a1=0 in (4), then (12) becomes
&4(:c1+;c2)2+a2(c21&c
2
2)+2b2c1c20.
Due to the term a2(c21&c
2
2), the left-hand side of the above inequality
cannot be a positive definite form in c1 and c2 . Thus, there exist numbers
c1 , c2 (not both zero) for which the above inequality is satisfied. To sum-
marize, we have establish that, if a20 or a1=0, then *11.
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Theorem 1. Consider the eigenvalue problem (3) with
q(x)=a1 cos x+ :

n=2
(an cos nx+bn sin nx).
If a20 or a1=0, then *11, and *1=1 if and only if q(x)# 0.
Proof. The fact that *11 has just been proved. If *1=1, then (8) and
(9) imply that the eigenfunction ,1 is given by
,1(x)=f (x)=c0+c1 cos x+c2 sin x. (13)
Furthermore, being the second eigenfunction, ,1 must have a (simple) zero,
say x0 in (0, 2?). Now
&,"1+q,1=*1,1=,1 ,
or
q=1+
,1"
,1
. (14)
Since q # L1(0, 2?), we must have ,"1(x0)=,1(x0)=0. Using this in (13) we
get that c0=0. Then (14) gives q(x)# 0. K
Let u(x; *) and v(x; *) be the solutions of the differential equation in (3)
such that
u(0; *)=1, v(0; *)=0,
u$(0; *)=0, v$(0; *)=1.
In the unperturbed case, these solutions become
u~ (x; *)=cos - * x, v~ (x; *)=
sin - *x
- *
.
The discriminant of (3) is defined to be the (entire) function
2(*)=u(2?; *)+v$(2?; *). (15)
In the unperturbed case we have
2 (*)=2 cos 2? - *.
By the definition of 2 it follows immediately that, if * is real, then so is
2(*). It is a well-known fact (see [2], Sec. 8.3) that, for * # R,
2(*)2 if and only if *2n**2n+1 , n=0, 1, 2, ... .
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In particular
2(*)2 if * # [*0 , *1].
Now, we have seen in (7) that *00. Therefore,
if 2(1)2, then *11. (16)
This observation is crucial for our analysis.
Theorem 2. Let the nonzero function Q # L2(0, 2?) have the Fourier
expansion
Q(x)=A1 cos x+ :

n=2
(An cos nx+Bn sin nx),
and consider the eigenvalue problem (3) with
q(x)==Q(x),
where ={0 is a parameter. If *1(=) is the second periodic eigenvalue of this
problem, then, for |=| sufficiently small,
*1(=)<1.
Proof. If A2=0, then the statement is true for all ={0, by Theorem 1.
Hence, let us assume that A2 {0. The main idea of the proof is to con-
struct the first three terms of the perturbation series (in =) of 2(1), and then
use observation (16).
For *=1 we have
u"+u==Qu.
Variation of parameters gives
u(x)=cos x+= _sin x |
x
0
Q(!) u(!) cos ! d!
&cos x |
x
0
Q(!) u(!) sin ! d!& , (17)
v(x)=sin x+= _sin x |
x
0
Q(!) v(!) cos ! d!
&cos x |
x
0
Q(!) v(!) sin ! d!& , (18)
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and
v$(x)=cos x+= _cos x |
x
0
Q(!) v(!) cos ! d!+sin x |
x
0
Q(!) v(!) sin ! d!& .
(19)
Hence, as =  0,
u(x)=cos x+=u1(x)+=2u2(x)+O(=3),
(20)
v(x)=sin x+=v1(x)+=2v2(x)+O(=3),
and
v$(x)=cos x+=v$1(x)+=
2v$2(x)+O(=
3), (21)
where, by (17), (18), and (19),
u1(x)=sin x |
x
0
Q(!) cos 2! d!&cos x |
x
0
Q(!) cos ! sin ! d!, (22)
v1(x)=sin x |
x
0
Q(!) sin ! cos ! d!&cos x |
x
0
Q(!) sin2 ! d!, (23)
v$1(x)=cos x |
x
0
Q(!) sin ! cos ! d!+sin x |
x
0
Q(!) sin2 ! d!, (24)
u2(2?)=&|
2?
0
Q(x) u1(x) sin x dx, (25)
and
v$2(2?)=|
2?
0
Q(x) v1(x) cos x dx. (26)
Now, using (20) and (21) in (15) we obtain
2(1)=2+[u1(2?)+v$1(2?)] =+[u2(2?)+v$2(2?)] =
2+O(=3).
But, by (22) and (24)
u1(2?)+v$1(2?)=&|
2?
0
Q(x) cos x sin x dx+|
2?
0
Q(x) sin x cos x dx=0,
thus
2(1)=2+[u2(2?)+v$2(2?)] =
2+O(=3). (27)
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To finish the proof, we need to compute u2(2?)+v$2(2?). By (25), (26),
(22), and (23) we get
u2(2?)+v$2(2?)=|
2?
0
Q(x)[v1(x) cos x&u1(x) sin x] dx
=|
2?
0
|
x
0
Q(x) Q(!)(2 sin x cos x sin ! cos !
&cos2 x sin2 !&sin2 x cos2 !) d! dx.
Hence
u2(2?)+v$2(2?)=&12 |
2?
0
|
2?
0
Q(x) Q(!) sin2(x&!) d! dx, (28)
and, since
sin2(x&!)=
1&cos 2(x&!)
2
=
1&cos 2x cos 2!&sin 2x sin 2!
2
,
(28) implies that
u2(2?)+v$2(2?)=
?2
4
(A22+B
2
2).
Therefore (27) becomes
2(1)=2+
?2
4
(A22+B
2
2) =
2+O(=3),
and, thanks to (16), the proof is completed. K
Remarks. (a) The statement of Theorem 2 holds uniformly in Q, as
long as Q belongs to the family
F (Q0 , $0)=[Q: &Q&2Q0 , A22+B22$0],
where Q0 and $0 are fixed positive constants.
(b) By mimicking the above proof, one can show that, for any fixed
integer n>0,
2(n2)=2+
?2
4n2
(A22n+B
2
2n) =
2+O(=3).
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This is in contrast with the behavior of *2n&1 , as n  , since it is a well-
known fact that (at least when q # C2[0, 2?]see [5]) *2n&1>n2 for all
n sufficiently large.
Theorem 3. Let +1(M)<+2(M)<+3(M)< } } } be the eigenvalues of the
(Dirichlet) boundary value problem
&u"+qu=*u, u(0)=u(2?)=0,
with
q(x)=MQ(x),
where Q is as in Theorem 2 and M is a parameter. Then, for any fixed n,
+n(M)  &, as M  .
Proof. Since
|
2?
0
Q(x) dx=0,
there is a subinterval (a, b) of (0, 2?) and a $>0, such that
Q(x)&$, for all x # [a, b].
Let us fix n. If +n(M; a, b) is the nth Dirichlet eigenvalue of the operator
&u"+MQu, then
lim
M  
+n(M; a, b)=&.
But +n(M)+n(M; a, b), and this finishes the proof. K
Corollary. Let *0(M)<*1(M)*2(M)< } } } be the periodic eigen-
values of the problem considered in Theorem 3. Then, for any fixed n,
*n(M)  &, as M  .
Proof. It is well-known (see [2], Sec. 8.3) that
*2n&1(M)+2n(M)*2n(M),
therefore, the corollary follows immediately from Theorem 3. K
An immediate consequence of this corollary is that, if M is sufficiently
large, then *1(M)<1.
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3. A NEGATIVE RESULT CONCERNING THE FIRST
DIRICHLET EIGENVALUE
In this section we present a result for the Dirichlet case, which is some-
how in contrast with Theorem 2 of Section 2.
Proposition. Let +1(=) be the first eigenvalue of the (Dirichlet) boundary
value problem
&u"+=Q(x)u=*u, u(0)=u(2?)=0, (29)
where
Q(x)= :

n=1
(An cos nx+Bn sin nx).
If A1>0, then there is a $>0 such that
+1(=)< 14 if 0<=<$ and +1(=)>
1
4 if &$<=<0
(notice that 14 is the first Dirichlet eigenvalue of the unperturbed case
q#0).
Proof. If v(x; *) is, as in the previous section, the (unique) solution of
the differential equation in (29) such that
v(0; *)=0, v$(0; *)=1,
then (with an approach similar to the one used in the proof of Theorem 2)
we can obtain
v(2?; 14)==v1(2?; 14)+O(=2), as =  0,
where
v1(2?; 14)=4 |
2?
0
Q(x) sin2(x2) dx=&2 |
2?
0
Q(x) cos x dx=&2?A1 .
Thus
v(2?; 14)=&2?A1 =+O(=2),
and since A1>0, this implies that, for any sufficiently small =, the sign of
v(2?; 14) and the sign of = are opposite, hence our proposition is
proved. K
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